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Abstract

In this paper, we introduce some new sequence spaces ideal convergence
and infinite matrix in 2-normed space and we also present some relations
related to these sequence spaces.

1 Introduction

Throughout, w will stand for the set of all sequences of real numbers and by /., and
¢, we denote the Banach spaces of bounded and convergent sequences = = (zy)
normed by ||z|| = sup,, |z,|, respectively.

In summability theory, the concept of almost convergence was first introduced
by Banach [1] as following: A linear functional L on [, is said to be a Banach limit
if it has the following properties:

(i) L(x) > 0ifn >0 (.e., z,, > 0 for all n),
(i) L(e) =1wheree = (1,1,...),
(iii) L(Dx) = L(x),

where the shift operator D is defined by D(x,) = {x,+1}. Let B be the set of
all Banach limits on /.. A sequence x € /{ is said to be almost convergent
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if all Banach limits of x coincide. Let ¢ denote the space of almost convergent
sequences. Lorentz [12] has shown that

¢ = {ac € loo : lim ¢y, () exists uniformly in n}
m

where
Tn + Tptl + Tpyo + -+ Tpem

m—+1

tmn(T) =

Let X and Y be two nonempty subsets of the space w of complex sequences.
Let B = (buk),(n,k =1,2,...) be an infinite matrix of complex numbers. We
write Bx = (By(x)) if Bn(z) = ), burxy converges for each n (where ),
denotes summation over k from k = 1 to k = o). If x = (23) € X = Bz =
(Bn(x)) € Y we say that B defines a (matrix) transformation from X to Y and
we denote itby B: X — Y.

P. Kostyrko et al. [9] introduced the notion of ideal convergence as a general-
ization of statistical convergence. Some more papers of ideals can be seen in ([2],
[4], [10], [14], [15], [18] and [23]). On the other hand, Gahler [5] introduced the
concept of 2-normed space as an interesting non-linear generalization of a normed
linear space which was subsequently studied by many authors (see, [6], [7] and
[17]). More details of this concept can be see in (see, [8], [19], [20] and [22]).

A family Z C 2" of subsets a nonempty set Y is said to be an ideal in Y if

() A,B € Timply AUB € T;

(i) A € Z, B C Aimply B € 7, while an admissible ideal Z of Y further
satisfies {x} € Z foreachz € Y.

Given Z C 2" be a nontrivial ideal in N. The sequence (z;,) nen In X is said to
be Z—convergent to x € X, if foreache > 0 the set A(¢) = {n € N: ||, — z|
> ¢} belongs to Z, (see, [9, 10]).

Let X be a real vector space of dimension d, where 2 < d < co. A 2—norm
on X is a function ||.,.|| : X x X — R which satisfies;

(i) ||z, y|| = 0if and only if x and y are linearly dependent;
() [z, yll = lly, [l
(i) |laz,yl| = |af |z, yl|, o € R;

(V) o,y + 2l < [l yll + ||z, 2] -
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The pair (X, |.,.||) is then called a 2—normed space [6]. Also, recall in
[11] that an Orlicz function M : [0,00) — [0,00) is continuous, convex, non-
decreasing function such that M (0) = 0 and M (z) > 0 for x > 0, and M (x) —
oo as x — oo. Later on Orlicz function was used to define sequence spaces by
Parashar and Choudhary [16] and others ([3], [19], [20], [21],[22], [24], [25]).

The goal of this paper is to introduce some new sequence spaces in 2-normed
spaces by using Orlicz functions, infinite matrix and ideals.

2  Main results

Let Z be an admissible ideal of N, M be an Orlicz function, (X, |.,.||) be a
2—normed space and B = (b,, ;;) be a nonnegative matrix. Also let p = (py) be a
bounded sequence of positive real numbers. By S (2 — X)), we indicate the space
of all sequences defined over (X, ||.,.]|). Now we write the following sequence
spaces: for each m,

WI (B,M,p, ”7”) =

2 ES2—X):Ve>0 {neN: 3 b [ (

> )rk 26}61

for some p > 0, L € X and each z € X, uniformly in m,

tem (x—L
k ,(Z ),z

)

I/i/()z (BﬂMva'v'H) =

tem ()
)

reS(2—X):Ve>0 {neN: zb,Lk[M(
k=1

)" ze}ez

for some p > 0, and each z € X, uniformly in m,

)

Weo (B, M, p, ||.,.]l) =

tk:m (x)

z€S(2-X):3K >0st sup b [M( PR

neN 1
for some p > 0, and each z € X.

Pk
D

WZ (B, M,p,||.,.|) ={z€S(2~-X):3K >0,st

NN

tkm((]})
p

, 2
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for some p > 0,and each z € X, uniformly in m.

®

(i)

(iii)

(iv)

v)

(vi)

Let us consider a few special cases of the above sets .

If M(z) = z, for all z € [0, 00), then the above classes of sequences are
denoted by W (B,p,||...[I), W5 (B.p.|..-) . Wee (B, p, ||, [I)  and
WZ (B,p,|.,.||), respectively.

If p, = 1 for all k € N, then we denote the above classes of sequences by
WE(B, M, ||.,.II), Wg (B, |, 1), Wee (B, ||.,..ll)  and WX (B, ||., D),
respectively.

If M(z) = =, forall z € [0,00), and p, = 1 forall k € N, then we
denote the above spaces by WL (B, ||.,.||), WZ (B, ||.,-l), Weo (B, |-, -II)
and WZ (B, ||.,.||), respectively.

If we take B = (b,x) as

s [ L itaxk,
nk 0,° otherwise

then the above classes of sequences are denoted by W7 (C,M,p, |, 1),
WOI <C’ M7p7 ”'7 H) 7WOO (07 M7p7 H'7 'H) 7WOIO (07 M’p’ H" 'H)
respectively, which were defined and studied by Savas [20]

If we take B = (b,) is a de la Valee poussin mean, i.e.,

b — v, ifkel,=[n—X+1n]
nk = 0, otherwise

where () is a non-decreasing sequence of positive numbers tending to oo
and A1 < )"Z +1,A; =1, then thf: above classes of sequences are denoted
by WA pl ) W (M p D) Wee (M A p L D)
W (M Apll.,-l)-

By a lacunary 6 = (k,); r = 0,1,2,... where ky = 0, we shall mean an
increasing sequence of non-negative integers with k, — k,_1 as r — oo.
The intervals determined by 6 will be denoted by I, = (k,_1, k.| and h, =
k, — k,_1. As a final illustration let

b= n ik <k <k,
I ) otherwise

_Then we denote the above classes of sequences by WZI(M,0,p].,.]),
W (M, 0,p]-,-1). Woo (M, 0,p.,.1). W, (M, 0,p].,.])-
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The following well-known inequality ([13], p.190) will be used in the study.
If 0<pr <suppr=H, D=max (1,2H_1)

then
lar, + by ["* < D {|ag|™ + bk |}
for all k and ay, by, € C. Also |a[P* < max(1, |a|*) forall a € C.

Theorem 2.1. W (B, M. p. ...}, Wg (B, M.p, |.,.).
WZ (B, M,p,|.,.|) are linear spaces.

Proof. We will prove the assertion for WOI (B,M,p,]||.,.|]|) only and the others
can be proved similarly. Assume that z,y € WOI (B,M,p,||.,.|]|) and o, B € R.
In order to prove the result we need to find some p3 such that

{n e N: ank [M < bim (0) + tkm(ﬁx),zH>]pk > E} € 7 for some
k=1

P3
p3 > 0, uniformly iAn m,
Since z,y € W& (B, M,p, ||,.,||) , there exist some positive p; and ps such

that

{nGN:ﬁbnk {M(

tkm(x)
pr

Pk
z D} > 5} € T for some p; > 0, uniformly in m.

tkm(x)
p2

{nGN:ébnk {M(

Define p3 = maz(2|a|p1, 2|S|p2). Since M is non-decreasing and convex and also ||., .|| is
a 2—norm, for each m,
Pk
)]

e
g
w2 )

Pk
z D} > 5} € 7 for some p2 > 0, uniformly in m.

tem (i + Byr)
P3 ’

oo [ (

S o ([t

1 P3

< 3 b L M

>~ Z nkﬁ

S ank |:M< tkm(x)

b
k=1 P

N

z‘-i—

|+

tkm(z)
P

tiem ()
P2

y 2
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tkm(:v)
P

< Dibnk {M (
k=1

where D = max(1,2H-1).
From the above inequality we get

{neNngnk [M(

m +D§:1bnk o

)

tem (zi + Byr)

b

Pl =)

p3
> tkm(:r) P g
C nGN:Dank M| ||—=,z >
Pt P1 2
ee} Pk
u nEN:Dan;C [M( tkmyk,z‘)} 25 , uniformly in m.
k=1 P2 2
Two sets on the right hand side belong to Z and this completes the proof. O
It is also easy to verify that the space Wa (B, M, p, |.,.||) is also a linear

space and moreover we have

Theorem 2.2. For any fixed n € N, Wao (B,M,p,||.,.l|) is paranormed space

e L
mmmx4D] )HglwzeX},
p

with respect to the paranorm defined by

%Mw)zggi{p?':(gz@m[ﬂf<

uniformly in m.

Proof. The proof is parallel to the proof of the Theorem 2 in [20] and so is omitted.
O

Theorem 2.3. (i) Let 0 < infpr < pr < 1. Then WI(B,M,p,H.,.H) C
(B, M, ) A A
(ii) 1 < p, < suppy < oo. Then WE (B, M, ||.,.||) € WE (B, M,p|.,.|).

Proof. (i) Let (z1) € WZ (B, M, p, ||.,.||). Since 0 < infp < pp < 1, we have,

for each m,
> tim(z — L > tim(z — L Pk
o (=) < S o (=)
k=1 P k=1 P
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)=

Pk
)] > E} € Z, uniformly in m.

tk;m(gc B L)
p

, 2

fen ol
k=1
g{neN :kf:lbnk[M< tim(z — L)

p
(i) Let py, > 1 for each k, and suppy < oo. Let (z3) € W (B, M,p,|.,.|).
Then for each 0 < € < 1 there exists a positive integer /N such that

, 2

= tim(x — L
ank[qu (z ),z >]<5<1
k=1 P
for all n > N. This implies that
> t —L P& t ~L
ot [ (=2 ) = o e (2= 52)
1 P3 1 P3
So we have
- tim(z — L P
néeN :ank [M( M,z >] >¢
k=1 P
= tem(z — L , _
- {n eN :ank {M <‘ M,z )} > 5} € Z, uniformly in m.
P
k=1
This completes the proof. O

The following corollary follows immediately from the above theorem.
Corollary 2.1. Let B = (C, 1) Cesaro matrix and let M be an Orlicz function.
(i) If 0 < inf p, < p < 1, then W1 (M, p, ||.,.|[) € W (M, ]]., |)).
(ii) If 1 < pi < suppg < 0o, then W' (M, ||.,.[[) € W* (M,p]...|)

Definition 2.1. Let X be a sequence space. Then X is called solid if (apxy) € X
whenever (xy,) € X for all sequences (ay;) of scalars with |ay| < 1 forall k € N.

Theorem 2.4. The sequence spaces WE (B, M, p, ||,.,11), WZ (B, M,p,|.,.|))
are solid.
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Proof. We give the proof for WZ (B, M, p, ||.,.||) only.
Let (z) € W& (B, M, p,|.,.|) and let (o) be a sequence of scalars such
that || < 1 forall £ € N. Then we have

fren (=) -

+ Pk
km(ﬂf),zHﬂ > 6} € Z, uniformly in n,

p

ren ez

k=1

where C' = maxy {1, |az|}.

Hence (apzy) € WE (B, M, p, |.,.|) for all sequences of scalars () with
lag| < 1forall k € N whenever (x) € WE (4, M, p,||.,.||). O
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